A higher order zig-zag shell theory based on general tensor formulation is developed to refine the predictions of the mechanical, thermal, and electric behaviors. All the complicated curvatures of surface including twisting curvatures can be described in a geometrically exact manner in the present shell theory because the present theory is based on the geometrically exact surface representation. The in-surface displacement fields are constructed by superimposing the linear zig-zag field to the smooth globally cubic varying field through the thickness. Smooth parabolic distribution through the thickness is assumed in the out-of-plane displacement in order to consider transverse normal deformation and stress. The layer-dependent degrees of freedom of displacement fields are expressed in terms of reference primary degrees of freedom by applying interface continuity conditions as well as bounding surface free conditions of transverse shear stresses. Thus the proposed theory has only seven primary displacement unknowns and they do not depend upon the number of layers. To assess the validity of present theory, the developed theory is evaluated under the thermal and electric load as well as under the mechanical load of composite cylindrical shells. Through the numerical examples, it is demonstrated that the proposed smart shell theory is efficient because it has the minimal degrees of freedom. The present theory is suitable in the predictions of deformation and stresses of thick smart composite shells under the mechanical, thermal, and electric loads combined.
Introduction
In recent years, the development of integration of piezoelectric materials to the composite structures is paid special attentions to their potential applications of aircraft, marine, automobiles which require intelligent functions. In particular, analysis of shell smart structures is especially important, since the outer skin of most 0020-7683/$ -see front matter Ó 2006 Elsevier Ltd. All rights reserved. doi: 10.1016/j.ijsolstr.2006.04.017 smart structures are made of smooth surfaces. Piezoelectric materials have been recognized as an important smart materials which can be applied to sensor and actuator. This materials are widely used for dynamic controller and health monitoring. Piezoelectric material is quite sensitive to the temperature variation. Thus, accurate analysis of the shell structures in the range of high temperature and in the electric field environment is required. For the improved analysis of the behavior of smart structures, numerous studies have been reported.
In the early stage of the development of models, classical/first order shear deformation theory has been employed to predict the mechanical behavior of embedded or surface bonded piezo-electric layers (Mindlin, 1968; Tiersten, 1970; Crawley, 1987; Ha et al., 1992; Lee, 1990) . However, for the accurate prediction of static and dynamic behavior for general layup configurations of adaptive laminated structures, the classical and first order shear theory are not adequate. Thus the higher order theories with smeared displacements and layerwise electric potential fields (Tzou and Ye, 1996; Heylinger et al., 1996) and full layerwise theories (Saravanos, 1997) for both deformation and electricity have been developed. The smeared theory is not adequate to describe the deformation behavior through the thickness because it cannot satisfy static continuity conditions at the interfaces between layers. Layerwise theory can adequately describe the deformation behavior through the thickness but it is not computationally efficient because it employs a large number of degrees of freedom which depends upon the number of layers. The three-dimensional and quasi-three-dimensional models are not computationally tractable for many layered composite plates and shells. Thus many researchers are pursuing more efficient methods to accurately analyze many-layered smart shell structures. There are several simplified zig-zag higher order shell theories. Among them, the zig-zag theory which was proposed in references Parmerter, 1992, 1993) and Di Sciuva (1987) are well-known examples. Cho and Oh developed zig-zag higher order smart plate theory for the mechanical-thermal-electrically fully coupled behavior, which considers the transverse normal deformation and normal stress.
The constitutive equations of most plate/shell theories developed until now are based on the plane stress assumption. They include transverse shear deformation effect but neglect transverse normal deformation effects. It has been well known that the zig-zag pattern of displacement through the thickness under the plane stress assumption provide accurate prediction of deformations and stresses of laminated plates/shells under mechanical loadings Parmerter, 1992, 1993; Cho and Kim, 2000; Toledano and Murakami, 1987; Di Sciuva, 1987) . However, in the thermo-mechanical problem, even in the moderate thick plate configurations, the transverse normal deformation effect cannot be neglected since the effect of out-of-plane thermal deformation is equally important compared to those of the in-plane thermal deformations (Khdeir, 1996; Cheng and Batra, 2001 ). In addition, for the complete analysis of smart composite laminates under thermal environments, full coupling effects between thermal-mechanical-electricity should be considered for the reliable analysis. Thus it is still required to develop an accurate and efficient model which can predict the static and dynamic behaviors of smart structures under thermo-electric-mechanical coupled situations. To solve this problems, an efficient and accurate higher order zig-zag theory for smart laminated plates Oh, 2003, 2004; Oh and Cho, 2004) has been developed. The zig-zag cubic shell theory has been developed for a mechanical loading environment by Cho and Kim (1996) and the zig-zag higher order shell theory with multiple delamiations has been proposed by Kim and Cho (2003) . However, they are based on the shallowness assumption of shells.
In the present study, a higher order zig-zag theory for smart laminated shell is developed. The present zigzag cubic higher order shell theory is the extension of the previous higher order plate theory under thermomechanical-electric loading combined. To predict reliable deformation behaviors, transverse normal as well as transverse shear deformations are considered. For the efficient evaluation of the mechanical behaviors, transverse shear stress conditions are pre-imposed in the displacement field to reduce total active degrees of freedom. The mechanical loading is imposed as sinusoidal function. The temperature and electric load is applied by using linear function variation through the thickness of shells. The general tensor-based formulation is used for the compact description of the arbitrary shell surface geometry. There is no assumption applied in the deformation kinematics in the thickness direction.
The developed theory does not have the layer-dependent degrees of freedom of displacement field. Thus, the present shell theory will be efficient for analyzing the behavior of smart composite shell structures under complex loading environments.
Preliminary background
Composite shells with piezo-material are considered, consisting of a finite number N of orthotropic layers with uniform thickness (h) in a curvilinear coordinate system x a . As shown in Fig. 1 , the undeformed bottom surface X (0) of the shell is chosen as the reference surface defined by x 3 = 0. Letr be the position vector to a point on the bottom surface of the shell. In the shell theory, we are interested in the material points in a region of space near the reference surface. The position vector of such a point can be written as
whereã 3 is a unit vector perpendicular to the surface at point (x a ) and x 3 is the distance from the reference surface to the material point. The covariant base vector is defined as
We will use the convention that Greek indices range over the value 1, 2. Theñ
whereg 3 ¼ã 3 ,ã a ¼r ;a are vectors tangent to the surface coordinate curves and comma means partial differentiation.
We note that the vector dr between two points an infinitesimal distance apart in the reference surface is
The first fundamental form is defined by the metric tensor as follows:
and surface tensor components b ab is defined by the following linear mapping:
whereã a is the reciprocal base vectors toã a . The second fundamental form is defined by the surface tensor as follows:
where the curvature tensor can be expressed as Let the covariant base vectorsã i andg i and contravariant base vectorsã i andg i be introduced in the undeformed state of the shell as follows:
where l b a and ðl À1 Þ b a denote the shifter tensor and its inverse, respectively. The shift tensor and its inverse are expressed as follows: 
The relationships between covariant differentiation of the three-dimensional components and two-dimensional components of the displacement vectors are expressed as
where j and k denote the covariant derivatives in the three-dimensional space and two-dimensional shell surface space, respectively.
Displacement model
The Helmholtz free energy may be written as follows and it can be found in the paper of Dokmeci (1980) :
In the above equation e ij , E i , and h are the components of the strain tensor, the electric field vector, and the temperature field vector respectively. The coefficients C ijkl , e ijk , and b ij correspond to the elastic constants, the piezoelectric constants, and the dielectric permittivity. The quantities k ij and d i are the thermal-mechanical and the thermal-piezoelectric coupling constants respectively. a T is defined as C E /T 0 . Here, C E and T 0 are the heat capacity and the initial temperature.
The constitutive equations for fully coupled thermo-mechanical-electric materials are given as
where r ij and D i are the components of the stress tensor and electric displacement vector. S denotes entropy. h = T À T 0 is the temperature rise from the initial reference temperature T 0 . E i is the components of the electric field vector. b ij is the dielectric permittivity and k ij and d i refer to the thermal-mechanical and the thermalpiezoelectric coupling constants.
In the case of considering partial coupling, the constitutive equation in the first line given in Eq. (14) is only used for the analysis. Based on linear piezoelectricity, E i can be expressed from a scalar potential function / as follows:
The configuration of the smart laminated composite shell with piezo material is shown in Fig. 1 .
In this study, in order to analyze hybrid smart composite shells by partially coupled higher order zig-zag theory, a zig-zag higher order in-plane displacement field is obtained by superimposing the zig-zag linear field to the globally cubic varying field. In order to include the transverse normal effect which is significant in thermo-mechanical problems, the out-of-plane displacement field may be assumed to independently in each layer. However, for the simplicity and efficiency in the present study, the out-of-plane displacement field is assumed as globally parabolic form through the thickness.
To model the laminated composite shell with piezoelectric layers, the representation of the displacement field is assumed as follows:
where
The transverse normal strain is given as
The definition and the inverse of shifter tensor ðl (22) was defined in Ref. (Librescu and Schmidt, 2001) . Traction shear stress free conditions for the upper and lower surfaces of the shells require free strain conditions e a3 j x 3 ¼0;h ¼ 0 because the shear stresses depend only on the transverse shear strains for orthotropic layer. Thus the traction free condition can be written as
which are satisfied by
where the quantities related to shifter tensor are given as
From the above Eqs. (26) and (27), the transverse shear strains are obtained by
In each interface, transverse shear stress continuity conditions are imposed. These continuity conditions can be written as follows: 
If both the curvature terms are neglected, the above displacement field given in Eqs. (33) and (34) reduces to the perfectly bonded plate version proposed by Parmerter (1992, 1993) .
From Eq. (19), the strain components based on general tensor-based theory for composite shell are obtained as
where C m ab is the second kind of Christoffel symbol for two-dimensional shell reference surface. After neglecting nonlinear terms, the strain components are defined by collecting the terms involving the coefficients of the same power of x 3 power terms and Heaviside unit step function: Through the virtual work principle, varitionally consistent governing equations and boundary conditions can be derived. The virtual work principle is expressed as
The steady state equilibrium equations are obtained in the following forms: 
where the definitions of the resultant quantities are expressed as 
The equilibrium equations given in Eqs. (46) and (47) are the contributions from the transverse normal effect.
Numerical examples
For the numerical assessment of the performance of the proposed model, circular cylindrical shell under simply supported boundary conditions is considered. They are under mechanical, thermal, and electric loads, respectively. The geometry and loading condition of cylindrical shell are shown in Figs. 2 and 3 .
The constitutive equations in the general curvilinear shell surface coordinates are provided. The elastic constants in general curvilinear coordinates are expressed in terms of the quantities in the local rectangular Cartesian coordinates and the base vector transformations.
In the general curvilinear coordinates, constitutive equations are given as
where C ijkl , e kij , k ij are the elastic constants, the piezoelectric constants, and the thermal-mechanical coupling constants in the general curvilinear global coordinate system (x 1 , x 2 , x 3 ) and C pqrs , e lpq , k pq are material properties in local Cartesian coordinate system (x, y, z).g i is the contravariant base vector in x i andẽ i is the orthonormal base vector in (x, y, z).
Also, by using transformation matrix, the constitutive equation in the general curvilinear coordinates is changed to the principal coordinate direction in composite shell 
where {T r }, {T E }, and {T a } are the transformation matrices. In order to satisfy simple-supported boundary conditions in the cylindrical coordinates, displacement, temperature and potential field are assumed to have double trigonometric series as follows:
Substituting Eqs. (54)- (60) into Eqs. (38)-(42), the coefficients u 1mn , u 2mn , u 3mn , / 1mn , / 2mn , r 1mn , r 2mn are determined.
In the mechanical loading case in the cylindrical shell, doubly sinusoidal transverse load distributions are assumed. They are given as
In the thermal loading case, temperature is assumed sinusoidal in the reference plane and assumed linear through the thickness. They are expressed as
where T 0 and T 1 are given as
In the electric loading, electric field is assumed as doubly sinusoidal in the piezoelectric layer. It can be represented as
In the mechanical loading case, three-layered cross-ply laminates are considered. As shown in Figs. 4(a)-4(k) in the thick and moderately thick laminate configurations ((R + h/2)/h = 4, (R + h/2)/h = 10, and L/(R + h/2) = 4), the deformations and stresses including transverse shear and normal stresses are predicted very accurately compared to Varadan's exact elasticity solutions (Varadan and Bhaskar, 1991) .
The transverse shear and normal stresses are obtained by integrating 3-D local stress equilibrium equations through the thickness of laminates. The same order of accuracy as the present theory can also be obtained by the EHOPT (Efficient Higher Order Plate Theory) with cubic zig-zag in-plane displacement field (Cho and difference of solutions between the present theory and 3-D exact solution gets very small but the difference between FSDT and exact one decays slowly. In Fig. 4(e) , the in-plane shear stress of the present theory is compared to the results of other theories such as FSDT, TSDT, and 3-D exact. Among the various theories, the prediction of the present theory is the closest to the elasticity solution at the top and bottom surfaces. As shown in Figs. 4(f) and 4(g), the gap of in-plane stress r h22i at the interfaces between layers becomes smaller as the thickness ratio increases. In the Figs. 4(h) and 4(i), the transverse shear stresses in the thick shell case are compared. The curvature effects of the shell do not hold the symmetric distribution of transverse shear stress even in the symmetric lamination configurations. These effects make maximum stress position through the thickness move into the inner position of the composite shell in the thickness direction. As shown in Fig. 4(h) , the transverse shear stresses of the present shell theory are in good correlations with those of the elasticity solution compared to that of Cheng. In the same configuration, the transverse normal stresses subject to internal pressure are plotted in Figs. 4(j) and 4(k). From these figures, it is observed that the distribution of the transverse normal stress has the parabolic patterns. Its detailed shape is depicted in Fig. 4(k) . As seen in Fig. 4(k) , the normalized transverse normal stress has a value of À1 at the inner surface since internal pressure is applied at that position and the stress value at the outer surface is 0 due to the stress free condition at the outer surface. The material properties used in the example of the mechanical loading case are given in Table 1 . The approach of integration of equilibrium equation through the thickness of shells are shown in the following form: where brackets mean the physical components and 1, 2, and 3 represent coordinate x 1 , x 2 , and x 3 . The detail expressions of transverse shear and normal stresses are given in Appendix B. The transverse shear and normal stresses is carried by using the Gaussian integration formula with the 8 Gauss points per layer. Therefore for the problem of sinusoidally varying stresses in the in-plane direction, the accurate description of r zx and r zy are critical in the reliable prediction of interlaminar normal stress r zz . The derivatives of transverse shear stresses r zx, x and r zy,y are summed up and integrated to obtain the stress r zz .
The (f) is for the linear loading case. In the example of the first layup configuration, the results of thick and moderately thick cases ((R + h/2)/h = 4, (R + h/2)/h = 10, and L/(R + h/2) = 10) are compared to those of the classical shell theory (CST), the first-order shear deformation theory (FSDT), the higherorder shear deformation theory (HSDT), and the results given by Cheng et al. (2000) . The present theory predicts considerably different results from others in the thick shell case, since the present theory considered the transverse normal deformation. As shown in Fig. 5(a) , the deflection of present theory is larger than those of the other theories and the present prediction is the closest to that of Cheng et al. (2000) . Fig. 5(c) shows that the in-plane stress of cubic zig-zag theory without considering transverse normal effect is significantly deviated from that of the present theory. Thus the transverse normal effect cannot be neglected in the thermo-mechancial problem. The TSDT proposed by Cheng et al. (2000) is also a higher order cubic theory but the present one has exact geometric relationship between strain and displacement by considering the fourth order strain field. Thus, there are some discrepancies in the prediction between the present one and TSDT by Cheng et al. (2000) . However, in the thin shell limit, all the theories provide almost identical results. The material properties used in the example with [0/90/0] layup configuration is given as E L ¼ 172:5 GPa; E T ¼ 6:9 GPa; G LT ¼ 3:45 GPa; G TT ¼ 1:38 GPa; In the second layup case, the displacements and stresses of composite shell subject to linear thermal loading are evaluated. It can be also found in Figs of transverse shear stresses are imposed in both theories, the transverse shear stress distribution through the thickness is quite different from each other. The inclusion of transverse normal strain effects in the present theory makes the accurate the prediction of laminates under thermal loading. In thermal load case, the present Table 2 Material properties of the graphite-epoxy and PZT layers theory (PT) provides much better prediction of stresses and displacements compared to those of the cubic zigzag theory without transverse normal effect (zig-zag r = 0). The material properties of the [90/0/90] layup used Table 3 Displacement and stresses for mechanical loading comparison between the present and the exact solution 
in the numerical example are given in Table 1 . The detailed numerical results of solutions are provided in Tables 3 and 4 for both mechanical and thermal load cases. It is confirmed from Tables 3 and 4 that the present theory predicts the transverse stresses better than the others in the thick shell case. The electric loading cases with material properties given in Table 2 considered. The electric voltages as an electric field loads are applied from 40 V to 100 V and the electric charge on the outer and inner surfaces is set to zero. The non-dimensional thickness and length are (R + h/2)/h = 4, L/(R + h/2) = 4. As shown in Fig. 6 , all the stresses have maximum value in the piezo-layer. Fig. 6 (a) shows the deflection through the thickness of the shell under electric loads. It has a parabolic profile through the thickness. As shown in Fig. 6(b) , the in-plane stresses are predicted for the various values of voltage. In applying voltage in the piezo-layer, the transverse shear stress has same sign through the thickness but transverse normal stress has the stress value which oscillates and changes sign through the thickness. Through the distributions of transverse stresses shown in Figs. 6(c) and 6(d), the continuity condition and bounding surface condition of transverse shear and normal stress are well satisfied.
Conclusions
A new higher order zig-zag theory is developed to enhance the prediction of partially coupled mechanical, thermal, and electric responses of smart composite thick shells. By imposing transverse shear stress free conditions of top and bottom surfaces and interface transverse shear stress continuity conditions between layers, the layer-dependent displacement variables can be eliminated. The final form of displacement fields has only reference primary variables. In the kinematical relation between strain measures and displacements, there is no shallowness assumption imposed. Thus, the exact rigorous description of shell surface geometry makes the prediction of the thickness direction deformation and stresses reliable.
Through the numerical examples of static responses, it is observed that the transverse normal deformation effect is not negligible in the situations that the electric and thermal loads are applied. The present theory demonstrated its accuracy in predicting deformations and interlaminar stresses because it includes the effect of transverse normal deformation and stress. For the accurate prediction of interlaminar stresses, the integration of 3-D local stress equilibrium equations is required in the present theory as other higher order shell theories do. The idea of Gauss numeric integration is utilized to calculate the higher order term in the 3-D stress equilibrium equations. However, in some layup configurations, the prediction of interlaminar normal stress under thermal loads is not reliable in the thick range of laminates. For the accurate prediction of interlaminar normal stresses, higher order polynomial up to the fifth order may be required in the displacement field.
The present shell theory can serve as a powerful tool to predict the thermo-electric-mechanical behavior of smart composite shell with embedded or attached piezo-electric sensor and/or actuator. A finite element based on the present theory should be implemented for the practical thick smart composite shell problem with general layup, geometry, boundary, and loading conditions and it is now in progress.
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